We describe a procedure for increasing the fractional delay ͑or delay-bandwidth product͒ of a slow-light system. A broadband input signal is sliced into several frequency bands. The light in each band propagates through a separate channel which possesses a highly reduced group velocity over a narrow frequency band. The output of each channel is then combined to form a single output field. For certain discretely distributed values of the group velocity of each channel, the output can replicate the input waveform without the need to adjust the output phase of each channel. Because this scheme makes use of many parallel channels, it can overcome a fundamental limit ͓D. A. B. Miller, Phys. Rev. Lett. 99, 203903 ͑2007͔͒ to the delay-bandwidth product for single-channel devices. A practical design is proposed using spectral slicers and stimulated Brillouin scattering as the narrow-band slow-light process. Numerical simulation shows that such a channelized slow-light element can have nearly uniform gain and group index over very large bandwidths. Recent studies of slow and fast light ͓1͔ have led to significant progress both in its conceptual understanding ͓2-4͔ and in the development of its applications ͓5-7͔. Under many circumstances, a primary figure of merit for the evaluation of the performance of slow-light delay devices is the maximum achievable fractional delay ͓8͔ ͑also known as the delay-bandwidth product͒. This quantity gives the delay as measured in pulse widths. In practice, this quantity is often limited not by the amount by which the velocity can be reduced but rather by the maximum distortion or change in power level that a signal is allowed to acquire in passing through such a material ͓9͔.
Recent studies of slow and fast light ͓1͔ have led to significant progress both in its conceptual understanding ͓2-4͔ and in the development of its applications ͓5-7͔. Under many circumstances, a primary figure of merit for the evaluation of the performance of slow-light delay devices is the maximum achievable fractional delay ͓8͔ ͑also known as the delay-bandwidth product͒. This quantity gives the delay as measured in pulse widths. In practice, this quantity is often limited not by the amount by which the velocity can be reduced but rather by the maximum distortion or change in power level that a signal is allowed to acquire in passing through such a material ͓9͔.
Many schemes ͓10-12͔ have been proposed for increasing the fractional delay of many slow-light media by broadening and flattening the intrinsically narrow resonance structures. Nonetheless, there exists serious practical limits ͓13-15͔ on the maximum fractional delay that a single-channel slowlight medium can produce. Of particular interest is the Miller limit, which relates the maximum achievable fractional delay g ⌬ ͑ g and ⌬ being the time delay and the signal bandwidth, respectively͒ of a device of size L with its average refractive index n avg and its maximum variation of ⌬n over ⌬ near the center wavelength 0 through the relation ͓13͔ g ⌬ ഛ n avg L⌬n/͑ ͱ 3 0 ͒.
͑1͒
Channelized slow light ͓16-20͔ has recently been proposed as a procedure for improving the performance of slowlight devices based on materials with an intrinsically narrow working bandwidth. The basic idea of channelization is to create separate narrow-band slow-light spectral channels for different frequency components of a broadband signal and subsequently combine these outputs to achieve large fractional delays of broadband signals. One proposal for channelized slow light is to create multiple spectral resonances in, e.g., a photorefractive crystal ͓17͔ or an electromagnetically induced transparency medium ͓19͔. While such a method is capable of delaying a pulse train with discrete spectral components, it has serious distortion problems when dealing with signals with a continuous spectrum ͓17͔. Moreover, such a method cannot exceed Miller's limit because of its onedimensional geometry. Another type of proposal uses dispersive elements such as gratings and prisms to form a continuous span of spatially separated channels ͓16-18,20͔. Such a treatment can effectively increase the working bandwidth, but it cannot increase the maximum fractional delay ͓18͔. This is because the effective group index of the channelized device is reduced by the same factor as by which the working bandwidth is increased through the use of such channelization. As a result, none of the proposals of channelized slow light so far can overcome Miller's limit for a signal with a continuous spectrum.
In this paper, we propose a practical design of a channelized delay device which, by using a finite number of spatially separated channels, can overcome Miller's limit. Furthermore, we show that such a device can achieve discretely tunable optical packet delays without the need of dynamically controlling the phase of each channel.
We first review the operation of a linear, single-channel slow-light element. The transmission through such an element can be described using a frequency-domain transfer function H͑͒ according to the relation E out ͑͒ = E in ͑͒H͑͒, where E in ͑͒ and E out ͑͒ are the complex amplitudes of the input and output fields, respectively. H͑͒ is given by
where A͑͒ and ͑͒ are the amplitude and phase response functions, respectively, ñ = n r + in i is the complex refractive index of the medium, L is the length of the medium, and c is the velocity of light in vacuum.
We consider a slow-light medium to be ideal if it possesses constant group index and gain over the signal bandwidth. In this situation, the real part of the refractive index n r is given by ͑see the dotted line in Fig. 1͒ * 
where 0 is some center frequency, n g Ј= n g − n r ͑ 0 ͒ is the reduced group index, and n g = n r + dn r / d is the group index of the medium near 0 . Note that for any material medium n r ͑͒ and n i ͑͒ are related through the Kramers-Kronig ͑KK͒ relations, and it is thus very difficult to design an ideal slowlight medium with large n g Ј and uniform n i over a large bandwidth.
In this paper, we propose a design for channelized slow light. The input signal is first spectrally sliced into M spatially separated channels with a frequency spacing of ⌬ c . The frequency components in each spectral channel then propagate through the corresponding narrow-band slow-light medium of length L before they are combined to restore a delayed output signal.
Since such a channelized device is still a linear system with single input and output ports, the transmission through the device can also be described by means of the transfer function H͑͒ of Eq. ͑2͒. For the ideal case in which the spectral slicing is perfect ͑i.e., the transmission window in each channel is of rectangular shape without any phase distortion ͓10͔͒ and the slow-light medium of length L in each channel is ideal, the transfer function of such a channelized delay device is given by
where ñ eff ͑͒ is the effective complex refractive index of the device and its real part n eff,r ͑͒ is given by
for frequency components within the mth channel ͑i.e., for ͉ − 0 − m⌬ c ͉ Ͻ⌬ c / 2, see also the solid line in Fig. 1͒ . Because ñ eff is not the property of a single uniform medium but rather is determined by distinct, spatially separated media for frequencies within different spectral channels, it is possible to design such a channelized delay device for which the effective group index and gain are constant over an arbitrarily large bandwidth. Note that the entire channelized element is still a causal, linear element. However, because we can use nonminimal phase filters ͓21͔ to construct the spectral slicers, the magnitude and the phase of the total transfer function H͑͒ of such a channelized element do not have to obey the usual Hilbert transform relations ͓21,22͔.
One sees from Eq. ͑5͒ that the phase response function ͑͒ is discontinuous at the boundaries of neighboring channels. The difference in the values of ͑͒ between the two sides of any channel boundary is given by
͑6͒
where ␦n eff = n g Ј⌬ c / 0 is the difference in the values of the effective refractive index of the device between the two sides of the channel boundary ͑see Fig. 1͒ . This phase jump of ⌬ can lead to distortion and breakup of the reconstructed output pulse, unless the output phase of each channel is actively adjusted by means of some additional phase shifter ͓17͔. However, the transfer function H͑͒ becomes automatically continuous ͑that is, there is no need for further phase adjustment͒ when
where N is any integer. In such cases, the difference between the transfer function at one side of a channel boundary and the other is a multiplicative factor of exp͑i⌬͒ = 1. Therefore, one can achieve a delayed output signal without any distortion. For a channelized device with a fixed length L and channel spacing ⌬ c , the condition of Eq. ͑7͒ indicates that the reduced group index n g Ј of each channel needs to satisfy the following condition:
Under such conditions, the transmission through the channelized delay device is equivalent to that through an ideal slowlight medium with the same length L and reduced group index n g Ј= n g Ј͑N͒ over the entire signal bandwidth. Thus, a distortion-free signal can be produced at the output port of the device with a group delay g ͑N͒ given by
Some numerical predictions based on these considerations are displayed graphically in Fig. 2 . Here we consider an input signal in the form of a Gaussian pulse and we calculate the output pulse shape through use of the transfer function of Ј. Here the input signal is a Gaussian pulse with a half width to the 1 / e intensity value of T 0 , and the channel spacing ⌬ c is set equal to 1 / ͑8T 0 ͒. The time axis is set so that t = 0 indicates no delay as in the case in which n g Ј=0.
Eq. ͑4͒. The amplitude of the output is then plotted against time on the horizontal axis and the reduced group index n g Ј on the vertical axis. We see that for specific values of n g Ј ͑see the white dotted line in Fig. 2͒ the output is in the form of a well defined pulse, whereas for other values of n g Ј pulse breakup occurs. Since the values of n g Ј that allow an undistorted output pulse are spaced discretely at integer multiples of c / ͑L⌬ c ͒, the possible time delays are also distributed discretely in integer multiples of the time interval ⌬ c −1 . For an input signal of a bandwidth ⌬, the number of required channels is M = ⌬ / ⌬ c . Moreover, the maximum variation in the ͑effective͒ refractive index of the channelized device is given by ⌬n = n g Ј⌬ c / 0 , which is independent of the signal bandwidth. Thus, the fractional delay can be written in terms of ⌬n as follows:
This equation is of similar form to the expression of Miller's limit ͓see Eq. ͑1͔͒. In addition to the difference of some numerical constants, our expression has a factor of M in the numerator. Since M is a free design parameter determined by the channel spacing relative to the signal bandwidth, the fractional delay of a channelized delay device is not restricted to Miller's limit. Indeed, there is no obvious limit to how large the fractional delay can become in a channelized device. Let us next consider not a single pulse but rather a wave train ͑data packet͒ in the form of B pulses with temporal spacing of b . The duration of this wave train is then of the order of p = B b . We want to determine the extent to which we can achieve a large fractional delay of the entire wave train. The ability to do so is important for various applications such as all-optical buffering and routing. When the condition of Eq. ͑8͒ is satisfied, the fractional delay of the entire data packet is given by
One sees that when the channel spacing ⌬ c satisfies the condition
the channelized element can achieve discretely tunable delays that are integer multiples of the time duration of the entire data packet. Crucially, no dynamic control of the phase of the output of each channel is required to achieve this control of the signal delay.
To illustrate more explicitly the promise of channelized slow-light devices, we next present a practical design for a channelized slow-light buffer for high speed telecommunication systems and we analyze its performance. We consider a signal data rate of 40 Gbps. Each "1" bit is represented by a Gaussian pulse and a "0" bit is represented by the absence of the pulse. The temporal full width at half maximum ͑FWHM͒ of the "1" bit is 12.5 ps, which is consistent with a return-to-zero ͑RZ͒ amplitude modulation format of 40 Gbps with 50% duty cycle. For illustrative purposes we consider a data packet containing 4 bits. In order to achieve packet delays, the channel bandwidth is determined, according to Eq. ͑12͒, to be ⌬ c = 10 GHz. We choose the total number of channels to be M = 7 to cover the entire signal spectrum ͓as indicated by the dotted line in Fig. 4͑a͔͒ .
As an example, we construct the spectral slicer by cascading a series of flat-top finite impulse response ͑FIR͒ Chebyshev half-band filters PLEAS with 4 couplers ͓23͔ as shown in Fig. 3͑a͒ . After the spectral components in each channel are delayed, we use another spectral splicer to combine all the spectral components to restore the broadband signal. The two spectral slicers are designed to have opposite dispersions ͓24͔ so that the cascaded transfer function of the two slicers has negligible phase distortion.
We choose stimulated Brillouin scattering ͑SBS͒ as the slow-light mechanism ͓6,7͔ implemented in each spectral channel. A spool of single mode fiber is contained in each channel, and the delay is controlled by selecting the appropriate pump power for each channel. The SBS Stokes shift frequency ⍀ S for the assumed operating wavelength of 1550 nm is typically 12 GHz. The SBS pump-field spectral profile for each signal channel is achieved by filtering a broadband flat-top pump field ͑using, e.g., current modulation ͓25͔͒ through an additional spectral slicer. The schematic diagram of the channelized delay element is plotted in Fig. 3͑b͒ . For simplicity, we show the SBS delay line of only one signal channel. Note that the use of spectral slicers has associated insertion loss, which is typically frequency independent. Such losses would reduce the signal power level, which may reduce the signal-to-noise ratio when the signal is detected. However, SBS is a gain-induced slow-light process, and therefore such losses can be compensated by the SBS gain or by adding an additional amplifier module after the channelized device. Moreover, since only the frequency components within the SBS gain profile ͑which in our case only covers the signal bandwidth͒ experience the gain, the SBS process acts like a filter and may actually reduce the optical noise level outside the signal bandwidth and increase the optical signal-to-noise ratio. The transmission windows of the seven signal spectral channels are plotted in Fig. 4͑a͒ . Figure 4͑b͒ shows the pump field profile for signal channel No. 4, and the resulting gain and refractive index as functions of frequency detuning Ј are plotted in Figs. 4͑c͒ and 4͑d͒ , respectively. One sees that both g and n are very close to those of an ideal slow-light medium with constant group index and gain over the entire transmission window of the signal channel ͑see the gray region in Fig. 4͒ .
Next, we numerically model the propagation of a wave packet containing the data stream of "1010" through the channelized delay element. For comparison, we also treat the transmission through two other types of single-channel delay elements. One is an narrow-band delay element which is equivalent to channel No. 4 of our channelized device. The other has a flat-top broadband gain profile ͓see the dashed lines in Figs. 4͑c͒ and 4͑d͔͒ across the entire 70 GHz signal bandwidth, which is equivalent to the case in which the spectral channels are spatially overlapping. For the second element, we assume that the anti-Stokes SBS absorption features are compensated ͑e.g., using multiple pump fields ͓26,27͔͒ and the signal experiences only the 70 GHz broadband gain feature.
The output waveforms for delays of 1, 2, and 3 packet lengths are plotted as the solid lines in Figs. 5͑a͒-5͑c͒ , respectively. One sees that our channelized delay element can achieve large packet delays with nearly no pulse distortion because it provides uniform effective group index and gain over the entire 70 GHz signal bandwidth.
The outputs of the other two types of delay elements with the same maximum ͑line center͒ CW gain are also plotted for comparison. One sees that the narrow-band single-channel delay element achieves a similar amount of delay ͑see the dash-dotted lines in Fig. 5͒ because n g Ј within its working bandwidth is the same as that in our channelized element. However, because its 12 GHz working bandwidth is much less than the 70 GHz signal bandwidth, significant pulse broadening occurs at the output and the data information of "1010" is completely lost.
On the other hand, the broadband delay element possesses enough working bandwidth for the signal, but the delay is very limited ͑see the dashed lines in Fig. 5͒ because n g Ј decreases significantly ͓see the dashed line in Fig. 4͑d͔͒ as a consequence of the broadening of the gain. Furthermore, the output signal also shows large distortion because n g Ј is not uniform over the signal bandwidth.
For practical applications, it is important to evaluate the performance of our channelized delay element under the influence of imperfections. In particular, we consider the influence of phase fluctuations among the different spectral channels on the quality of the restored output signals. Such phase fluctuations can be induced by, e.g., temperature fluctuations of individual slow-light elements ͑fibers in our case͒, etc., which introduce the additional random phase ␦͑m͒ to the phase response function m ͑͒ for the mth spectral channel.
Here we use the metric of eye opening to quantify the influences of these phase fluctuations. The eye-opening metric is defined as the maximum opening of the eye diagram ͑see, for example, the insets of Fig. 6͒ , and it is closely related to the Q factor and the bit-error rate of the system ͓12,28-30͔.
We consider three different models of the channelized devices. One is an ideal device with ideal spectral slicers whose transmission windows are of rectangular shape and with ideal slow-light media that have uniform group index and zero gain. The second is a semi-ideal device with realistic spectral slicers composed of cascaded half-band filters as described above and an ideal slow-light medium in each channel. The third is the realistic model using realistic spectral slicers and SBS slow light. All three devices are set to provide one four-bit-long data packet delay. For each phase noise level ␦, we add a random phase ␦͑m͒ to the phase response of the mth channel, and ␦͑m͒ is uniformly distributed in the interval of ͓− ͱ 3␦ , ͱ 3␦͔.
Note that the standard deviation of such phase noise distributions is equal to ␦. We then calculate the eye openings of the output signal through each channelized device with an input signal of a 128-bit pseudorandom data train. The calculation is performed 200 times for each phase noise level and for each device, and the average eye openings for the three devices are plotted in Fig. 6 as functions of the phase noise level ␦. One sees that as ␦ increases, the eye opening gradually becomes smaller. If we require that the decrease of the eye opening due to phase fluctuations should be less than 10%, one sees from Fig. 6 that the phase noise level ␦ should be less than approximately / ͑5 ͱ 12͒ ͑i.e., the largest phase fluctuations should be less than / 10͒ for all three models. Note that since such phase fluctuations are typically slowly varying in time and independent on the fractional delay of the device, they can be compensated by, e.g., using additional low-speed phase modulators.
In summary, we have proposed a procedure for increasing the fractional delay of a slow-light system by utilizing spatially separated channels, each of which possesses a small group velocity over a narrow spectral frequency band. We have shown that by properly choosing the group index of each channel, one can achieve discretely tunable delays without the need to adjust the phase of each channel. Furthermore, we have shown that by using spatially separated channels, such a channelized device can exceed the fundamental limit of the delay-bandwidth product for a single channel device. We have proposed a practical design of such a device using spectral slicers and SBS slow light, and numerical simulation shows that discretely tunable packet delay can be achieved with minimum signal distortion. among different spectral channels. The insets show typical eye diagrams for ͑a͒ an ideal channelized slow-light device, ͑b͒ a channelized device with realistic spectral slicers and ideal slow-light media, and ͑c͒ a realistic channelized SBS slow-light device. The corresponding eye openings are given on top of each eye diagram.
